MOT SO BAI TOAN
LIEN QUAN BPEN CHU BE BA THUC!

Nguyén Duy Thai Son
(Pai hoc Suv pham — Dai hoc Ba Nang)

Quabai gidng nay, ta sé khao sat mot sd dang toan vé da thirc, thudng gap trong cac ky thi chon hoc
sinh gidi THPT quoc gia hodc trong cac ky thi chon doi tuyén thi Toan quoc té. Tacling sé gap mot
sO dang toan Olympic ma phét biéu clia chiing ¢ vé ngoai khong lién quan gi dén da thirc, nhung
céc kY thuat da thire lai cho tanhitng |0 giai dep. Va— van nhu & céac bai giang trudc day clatéi —
diéu quan trong hon cad ma téi mudn truyén tai khong chi lamét 16i gidi (8 dwgc ghi ra), do phai la
cac phan tich, dinh hwéng trudc khi ta di dén dwoc 10i giai ciia mot bai toan...

Bai toan 1. Cho bén sb thuc a,b,c,d déi mdt phan biét.
Xx+ay+a’z+at=a’
X+ by + b’z +b% = b*

X+cy+c’z+ct=c’
X+dy+d?z+dt=d*

(i) Giai hé phuong trinh:

X y y4 t

+ + + -
a-1 a-2 a-3 a-4
X + y + z + t =1
b-1 b-2 b-3 b-4
X N y N Z N t _
c-1 c-2 c-3 c-4
X + y + z + t =1
d-1 d-2 d-3 d-4

(i) Gid st {a;b;c;d} {1, 2,3;4} = . Gidi hé phuong trinh:

1 Pay la ndi dung bai giang duoc tac gia trinh bay tai cac 16p Tap hudn Gido vién THPT chuyén Khu viec mién Bic (Béc Ninh,
16-23/7), Khu virc mién Trung (Nghé An, 23-30/7) va Khu virc mién Nam (Binh Dwong, 30/7-6/8) do ““Churong trinh trong diém
Qudc gia phét trién Toan hoc giai doan 2010-2020", Vién Nghién clru cao cip vé Toan, té chirc nam 2017.



Loi gidi. (i) V&i mbi bd (x;y; zt) e R*, dit P(s):=s"—ts’ - z5* — ys— x (V¥S), ta thu dwoc mot da
thitc P e R[s] c6 degP =4 vaco hé sd ciia s* (hé sd bac cao nhit) 1a 1. Do a,b,c,d ddi mot phan
biét, dé thdy: (x;y;zt) la mot nghiém ctia hé da cho khi va chi khi {a;b;c;d} latap nghiém cia
phuong trinh P(s) =0 (véi s laan s0). Theo dinh ly nhan tl hoa da thirc, diéu nay twong dwong
VOi:
P(s) = (s—a)(s—b)(s—c)(s—d)
o st -t -z —ys—x=¢" —[Za}sﬂ (ab+ac+ad +bc+bd + cd)s? —(Zabc],% abcd
cyc cyc

x = —abcd
y=>) abc

cyc
z=—(ab+ac+ad +bc+bd +cd)

t=>a
cyc

(i) V&i moi bd (x;y; zt) e R*, dat
P(s) =(s-D(s—2)(s-3)(s—4) — x(s—2)(s—3)(s—4) - y(s—-D(s-3)(s—4) —z(s—D(s— 2)(s— 4)
—t(s-D(s—-2)(s-3),
tathu duoc mdt da thirc P e R[] c6 degP =4 vaco hé s bac cao nhit 1a 1. Dé thdy: (x;y;zt) la
mdt nghiém clia hé da cho khi va chi khi {a;b;c;d} latap nghiém cla phuvong trinh P(s) =0; mot
cach twong duong,

P(s) =Q(s); (1)

trong do, Q(s) :=(s—a)(s—b)(s—c)(s—d). Taciing thdy: Qe R[s] co degQ =4 va co hé sb bac
cao nhat la 1. Suy ra: deg(P-Q) < 4. Vay, P-Q la da thirc khéng khi va chi khi P—Q triét tiéu
tai 4 diém do6i mot phan biét:

1) < P1)-QM) =P(2)-Q(2) = P(3) -Q(3) = P(4)-Q(4) = 0. @)
Nhung

P() = —x(1— 2)(1-3)(1- 4) = 6x, P(2) = —y(2-1)(2-3)(2—4) = -2y,
P(3) = —2(3-1)(3- 2)(3- 4) = 2z, P(4) = —t(4—1)(4— 2)(4—3) = —6t,



(2 & x=Q(1)/6, y=-Q(2)/2, z=Q(3)/2,t =-Q(4)/6
x=(a-1)(b—1)(c—1)(d-1)/6
y=-(a-2)(b-2)(c-2)(d-2)/2
z=(a-3)(b-3)(c-3)(d-3)/2
t =—(a—4)(b—4)(c—4)(d - 4)/6.

0

Bai toan 2. Cho 2016 sb thuc ¢, C,, ..., Cyye thoa hé:

& +2 Coots 1
2-3 3-4 2017-2018 1-3
o LG L, G 1
3-4 4.5 2018-2019 3-5
G n G T 4 Coo16 - 1 i
2017-2018  2018-2019 4032-4033 4031-4033

Hay tim giatri cla tong: g= 4 . % ... CGoume |
1.2 2-3 2016-2017

L i gidi. Xét dathrc Q € R[x] (degQ =2017) vaphanthic f € R(X) duoc cho béi:

2017 2016 c

Q(X) ZEH(X+i), f(x)=> '

S x+i)(x+i+1)

Dé thdy: ton tai da thirc P e R[x] cO degP <2015 dé f(x)= % Theo hé phuong trinh trong dé
X
bai, v&i moi s6 nguyénj ma 1< j < 2016, ta déu co:
. 1 . . .
f(j)=" —— < (4j*-)P(j)-Q(j) =0.
(2] -D(2j+1)

Pat R(x) = (4x* —1)P(x) —Q(X), ta thu duoc da thirc Re R[X] c6 degR< 2017 vathoa: R(j)=0
vGi moi s6 nguyén j ma 1< j < 2016. Vay, theo dinh Iy nhan tir hoa da thic, ton tai cac hang s6
thyc a, b sao cho

R(x)=(ax+ b)H(x— i) < (4x* =DP(x) - Q(X) = (a x+ b)H(x— I (1)
Trong (1), chon x:=1/2 tasuy ra
2017 1 ] 1 1
H( + |j ( + 2016)( + 2017)
la +b =~ 2018(:::_/2) =~ 21 ()™ =- 2 1 2
) 1) 2
< a +2b =-4033- 4035. 2

Con véi x:=-1/2 thi (1) kéo theo:



T 2016 1 .j__2016(1 j
—, ] o]
M-5) TG

& -a+2b=-1. 3)
a =1-2.2017?
b =-2017

Cubi cung, trong (1) chon x:=0, taco:
2016
—P(0)-Q(0) = b] [ (-j) =—2017?- 2016! (-1)*** = —2016!- 2017°
j=1
1. 2 I. 2
L f(0)= P() __,, 2016:2017° _ 2016\-2017
Q(0) Q(0) 2017!
2016 c
= S=> —1 = f(0)=-1+2017 = 2016.
i(i+1)

i=1

017
o T
Q(-12) a2 (_1)2016 _ _%

—1a+b=
2

Giai (2)-(3) tatim dugc {

k
n+1-

Bai todn 3 (Romania). V6i moi cap s6 nguyén m, nma 1<ms<n, dit R = > (m-k)"(-1)"C
k=0

V@i cac s6 nguyén m, n nhu thé, chiing minh rang ™™ = R™,

Loi gidi. Trwdce tién, déy: 1<m<n=1<n-m+1<n. Tir do, theo dinh nghia,

n-m+1 n-m+1
R™ =3 (n-m+1-K)"(-DCL,, = > ((n+1-k)-m)" (-D*Crr*
k=0 k=0

n+1

= Z(i -m)"(-)™'C | (thayi=n+1-k=k=n+1-i)

n+1

= (M-I ()" (-)™C,

n+1

=-> . (m-K)"(-)*Cy,, (thay k=i).

So sanh voi cong thirc xac dinh clia R, vacha y rang (m-Kk)"(-1)“C*, =0 khi k=m, ta thdy
R™™! = R" khi vachi khi

n+1

2 (m=-K)"(-D"C;, =0. D)

k=0



Dé chirng minh (1), ta s s dung cong thirc ndi suy Lagrange: Cho P e R[x], degP <n, va cho
n+1 sb thuc x,X%,,...,X,,, d0i mot phan biét. V&i moi sd nguyén 1<k <n+1 vavéi moi sb thuc x,
dat
[Tx=x)
W, (X) =2 ——
R B [0S
i=k
(trong céc tich & trén, i chay tir 1 dén n+1 vakhéac k). Khi d6 ta c6 dong nhat thic

n+1

P0) = ) PO W, (%) @

Ching minh: Vi moi s6 nguyén 1<k <n+1,1< j <n+1, dé thdy

1 khi j=k

WA&):{OkNjik.

Tl d6, hai vé clia (2) bang nhau tai n+1 diém x,X,,...,X..,. Ca hai vé déu la cac da thirc (cia bién
sO X) c6 bac khéng vuot quan, nén chang phai trung nhau.
Trao lai bai toén, xét da thirc P(x) := (m—x)" va cac diém X; =] (1< j<n+1). Skdung (2) ta co:

n+1

P(0) - kZ;, P(k)w, (0) =0. 3)
Nhung
wdmz—ggjtfizen” (et (DD g,
I!(k—oxk [}(k—Dx[}(k—ka (n+1-k)!I(-D"**x k! "
nén (3) = (1).

Bai toan 4 (P48, Tap chi Pi). Tim tat ca cac sO nguyén n> 2 vatat cd cac bd n sd nguyén
a<a,<--<a
sao cho da thirc
S(X) =(x = a)x(x - a,)x--x(x-a,)-3

phan tich dwoc thanh tich clia hai da thirc khac hang, voi hé sd nguyén.



Loigidi. Gidsr n>2 vaa <a, <---<a, lacac sb nguyén sao cho ta cd phan tich

S(x):ﬁ(x—q)—BsG(x)-H(x); @D

trong d6, G(x) va H(x) la hai da thirc khac hang, voi hé sd nguyén, ma khong mét tinh téng quét,
ta cling c6 thé gia st degG >degH. RG rang, hé s6 bac cao nhit clia G(x) va H(x) phai cing
bang 1, hodc cuing bang —1. Néu can, s& d6i ddu cd G(x) va H (x), tacd thé xem hé s dé bang 1.

Tl nay vé sau, dé cho tién, taquy wéc:

— moi s nguyén i, ma1<i<n, st duoc goi tat [amdt chi s;

— 0 phéan tir cliamoi tap hop hitu han X & duoc ky hiéu bdi | X|.
Lan luot xét cac truong hop:

1. Trwong hgp n> 4.

Lac nay, néu degH =1, ticla H(X)=x—a VvOi aeZ nao dod, thi theo (1), H(a— a)=3. biéu

i=1
nay lavo ly, vi 3 khong thé biéu dién dugc thanh tich ctia nhiéu hon ba s8 nguyén déi mot phan
biét. Vi vay,

n—2>degG>degH > 2. 2
bat R(x) :=G(x) + H(x). Tacd cac nhan xét sau:
Nhan xét 1: R(x) lamot da thirc khac hang, véi hé sd nguyén, va degR< n— 2.

Chirng minh: Gia st phan chirng rang R(x) = ¢ lamdt da thirc hang. Khi d6, (1) dwoc viét lai thanh

f[(x ~a)-3=cG(x) - (G(x))".

Trong dong nhat thic trén, hé sd bac cao nhat clia da thicc & vé trai la 1, cla da thirc & V€ phai la
—1; vatagdp mau thuan. Vay, R(x) khong thé 1ada thirc hang. Céc két luan con lai cia Nhan xét 1
la hién nhién.

Nhan xét 2: R(a) e{-2; 2} voi mbi chi S5 i.

Chtrng minh: Do (1) tathdy



G(a)-H(a)= -3 = (G(a):H(a))e{(-31).(3-1),(1-3).(-13)}
= R(@)==%2

v&i moi chi 0 i.
Nhan xét 3: Vi moi bo bachisb i, j,k mai= j vaR(a)=R(a)=R(a,), taco
(a -a)(a -a) |4
Chirng minh: D3t c=R(a,). Theo Nhan xé& 2, ce {-2;2} va R(a)=R(a;) =—c. Ap dung dinh ly
Bezout (va Nhan xet 1), ta c6 phan tich R(x) +c=(x—3a)(x—-a,)P(x), trong do P(x) la mdt da
thirc vGi hé sb nguyén. L8y x=a, tasuy ra
(& -a)(a -a)| |R@)+ck2[ck4

Nhan xét 4. (a —a,) |4 voi moi cap chis0 i, ] ma R(a) = R(a,).
Chirng minh: D3t c=R(a). Theo Nhan xét 2, ce{-2;2} va R(a;) =—c. Ap dung dinh ly Bezout
(va Nhan xét 1), ta co phéan tich R(x) +c=(x-a,)P(x), trong d6 P(x) la mbt da thirc v4i hé sO
nguyén. Ldy x=a tasuyra

(& -a)| IR@)+cl=2|cl4
Duing céc nhan xét trén ta co thé loai di hai trwong hop “con”™: n>6, n=5.

la/ That vay, gid sk n>6. Vi a, <a,<---<a,, vbi moi chi s i>6, tacod a —a >4. Vay, theo
Nhéan xét 4, taphai co
R(a) = R(a,) v6i moi chisd i > 6. (3)
bac biét, R(ay)=R(a). Ma |(a4 —-a)(a, —a1)| >2x3>4, nén theo Nhan xé& 3 ta phai co
R(a;) = R(a,) = R(a,). Theo cé&ch hoan toan tuwong tu, do |(a,—a)(a,—a,)|>4x2>4 va do
(as —a)(a; —a,) > 4x3> 4 nén Nhan xét 3 cho ta:
R(a,) = R(&) = R(a,) = R(a,) = R(a). 4
bét c=R(q), tir (3) va(4) tathly phwvong trinh R(x) —c =0 c6 nhiéu hen n—2 nghiém; dé la cac

nghiém x=a v6i moi chi SO i # 3. Digu nay mau thudn véi Nhan xét 1. Vay, 1al khong thé xay ra.

Tiép theo, goi | latdp hoptdt cd cacchisd i ma R(a)=2, va J latap hop tét cd cac chi s i ma
R(a) =—-2. Theo Nhan xét 2, hién nhién tacd



H+]3|=n. (5)

1b/ Béy git giad st n=>5. Llc nay tir (1) va (2) dé thdy degG =3, degH =2. Suy ra R(X)-2 va
R(X)+2 déu la cac da thirc bac ba cd hé s bac cao nhét bang 1. Nhw 1a mot hé qua, ta co
|I|<3,|J|< 3. Két hop véi (5) tathdy chi c6 hai kha néng:

(b1) [I|=3va|J|=2
(b2) [I|=2 va|J|=3.
Xét (bl). Gid st | ={i, <i, <i,}. Theo dinh ly Bezout, ta c6 phén tich
R(X)-2=(x-3)(x-3 )(x-4a). (6)

Néu 1€ J, thi tir (6) suy ra 4=\R(31)—2\=‘(31—311)(a1—312)(31—313)‘i nhung diéu nay la khong
thé, vi
-1>a-a >a-a >a-3 =|@&-3)(&-a)@-3)>1x2x3=6.

Vay, 1el, tclai, =1. Lap ludn tuong tv, taco 5e I, tircla i, =5. Chi con phai khao sét bagiatri
co thé clia i,.

(b1.1) Néu i, = 2, thi 4e J néntl (6) suy ra
4=|R(a,) -2 =|(a, - a)(a, — &,)(a, — &)| > 3x 2x1=6,
vo Iy!
(b1.2) Néu i, =3, thi 2e J néntl (6) suy ra
—4=R(a))-2=(a,-a)(a, - 8;)(a, - &) >0,
vo Iy!
(b1.3) Néu i, = 4, thi 3e J néntlr (6) suy ra
—4=R(&;)-2=(a;-a)(a; - a,)(a; - &) >0,
cling vo Iy!

T4t c& cac méau thuan gip duoc cho thdy kha nang (b1) khéng thé xay ra.



Ta co thé 1ap lai phuong phap trén dé thay (b2) cling khong thé xay ra. Mot phurong phap khac la
quy (b2) vé (b1) bang cach thay ddy a, < a, <--- < a; bai day

b =8, <b, =4, < <h =3,

va thay da thirc R(X) bai da thirc T(X) =—R(—x). Chay rang: T(x)—2 va T(x)+ 2 ciing la cac da
thirc bac bavai hé sd nguyén va cé hé sd bac cao nhét bang 1; ngoai ra,

R@)=2<T(b, )=-2 R@)=—2<T(,,)=2
nén vai tro clliacac tap |, J daduoc hoan doi qua cach thay ndi trén.
Tém lai 1b/ cling da duoc loai trir, vata chi con phai xét truong hop “con”:
1c/ n=4. Lic nay, tir (1) va(2) dé thdy degG =degH = 2. Suy ra. R(X) —2 va R(x) + 2 déulacéc
da thirc bac hai c6 hé sO bac cao nhat bang 2. Két hop véi (5), tathdy |I|=|J|= 2. Lan nay, voi moi
cap chi 6 i,j ma R(a)=R(a;), ding chinh phuong phap chirng minh Nhan xét 4 ta co
2(a -a,) | [R(8) - R(a))| =4 nén (3 —a)) | 2. T day, vi a,~a > 2, tasty ra R(a,) = R(&,).
Néu {14} = J, thi R(X)+2=2(x-a,)(x—a,) va{2;3}=1, nén
4=R(a,)+2=2(a,-a)(a,-a,) <0,
voly! Vay, {14} =1, nén R(X)-2=2(x—a,)(x—a,), {Z3}=J va
~4=R(@)-2=2a,~a)(,-a,) = 3 -8=128,-2,=2
~4=R(a)-2=2a,-a)&-a) = a-a=2,3-a=1
Suy ra: a,a,,a,,8,, theo thir ty d6, [abbn s nguyén lién tiép.
Thir lai: khi n=4, voi a,a,,a,,a,, theo thir ty do, labdn sd nguyén lién tiép, ta cd phan tich

S(x) = (x-a)(x—a ~1)(x-a,~ 2)(x-a ~3) -3
=[(x-a)(x-a -3 ~U[(x-a)(x—a-3)+3]

thda man yéu cau dé ra.

2. Trvong hop n=3.



3
Lic nay, degG=2 degH =1. Suy ra H(x)=x-a (aeZ). Theo (1), [[(a-a)=3. Nhung

i=1
a—-a >a-a,>a—a, nén chi cd mot khd ndng: a—a =1, a-a,=-1, a—a,=-3; tkc |1a céc b
nguyén a,, a,, a, |ap thanh mot cap sb cong véi cong sai 2.

Thi lai: khi n=3, v6i a, a,, a, 1a cac sb nguyén, theo thtt tu do, 1ap thanh mdt cdp sb cdng Vvoi
cong sai 2, ta co phan tich

S(x)=(x-a)(x—a -2)(x—a -4)-3
= (x—a, -D[(x-a)*-5(x-a,)+3

thda man yéu cau dé ra.

3. Trwong hop n= 2.

2
Ldc ndy, degG=degH =1. Suy raa H(X)=x—a, Vv6i acZ nao do. Theo (1), H(a—q):S.

i=1

Nhung a-a, >a—-a, nén chi c6 hai kha nang: a-a, =3, a—a,=1 hoiac a-a =-1 a-a, =-3.
Vay, a, =a, + 2.

Thr lai: khi n=2, voi a,=a +2 (a e Z), taco phantich
S(x) = (x-a)(x-a -2)-3=(x-a,+1)(x-a -3
théa man yéu cau dé ra.
KEt luan: Tét c cac sO nguyén n>2 vatat cd cac bd n s nguyén a <a, <---<a, théa mén yéu
cau dé ragom:
1. n=4; a,a,,a,,3a,, theotht tv dd, labbn sb nguyén lién tiép;
2. n=3; c&c 0 nguyén a,,a,,a,, theo thi tv dd, 1ap thanh mdt cép sb cong véi cong sai 2;

3.n=2 a,a, lacacsb nguyén ma a, = a + 2.

Bai todn 5 (Nga). Cho f(x) = x*+bx+c |a mdt tam thirc bac hai voi cac hé sb b, ce R. Gia sir
phuong trinh f ( f (x)) =0 c¢6 du 4 nghiém thyc (khdng nhét thiét phan biét), duoc ky hiéu béi x,,
X,, X X,. Biét x + X, =-1, chirng minhrang c<-1/4.

L &i gidi. Néu phuong trinh f (x) = 0 khong cd nghiém thuc thi: véi moi xe R, dat t .= f (x) (e R),
tathdy f(t)#0; vay, phuong trinh f(f(x))=0 khong co nghiém thic, mau thuan véi gia thiét!



Do do, phuong trinh f(x) =0 phai co nghiém thyc. Gia st {t;; t,} latap nghiém ciano. Theo dinh
ly Viéte,
t+t,=-h. (1)
Ngoai ra, f(x)=(x—-t)(x-t,), nén
(X=X)(X=X%)(X=X)(Xx=X%,) = f (f(x)) =(f(x)-t)(f(x)-t,) = (x2+bx+ c—tl)(x2+bx+ c-t,).
Tl d6, chi ¢ 4 kha nang sau c6 thé xay ra:
1. (x=%x) | (C+bx+c-t)=f(X)-t, va (x—=%,) | (¢ +bx+c—-t,) = f(X)-t,
2. (X=x) | (X +bx+c—t,) = f(X)—t, va (x=x,) | (x* +bx+c—t) = f(X) -t
3. (X=X)(X=X,) = X +bx+c—t, va (X—X)(X—X,) = X* +bx+c-t,
4. (X—X%)(X=X,) = x> +bx+c—t, va (Xx—x,)(X—X,) = X +bx+c—t.
Xét hai kha nang dau. Luc nay

X2+ X5 +b(x +X,)+2c=f(x)+ f(x)=t +t,
®
:1>xf+x§—b+20=—b

2 2 2
:C:_MS_(MJ __ya,
2 2

Xét hai kha ning cudi. Luc ndy (can bang hé s3 bac nhét hodc dung dinh 1y Viéte), taco
-l=x+X=-b=b=1 (2

Hon nira, phwong trinh f(X)—t = X* +bx+c—t =0 co biét thirc A, =b°—4(c—t)>0 véi moi
1 e{1; Z}. Vivay,

2b* —8c+4(t, +t,)=A, +A, >0
:C£b2+2(t1+t2) @ p*-2b @
4 4

Ya,

Bai toan 6 (Saudi Arabia TST 2016). Tim s tv nhién n> 2 I6n nhat co tinh chét; ton tai n tam
thic bac hai f,(x)=x*+bx+c, f,(X)=x+bx+c,, ..., f (X)=x*+bx+c, doi mot khdng
trang nhau, v6i cac hé sd b,c e R (1<i<n), sao cho, v&i moi cap chi sd 1<i< j<n, phuong

trinh f,(x) + f,(X) = 0 co vachi c6 mdt nghiém thuc.



Loi giai. Kiém tra tryc tiép ta thdy 3 tam thic bac hai f(X)=x*—4, f,(X):=x-4x+86,
f,(x) = x> —8x+12 théahé

£+ 1,(x) = 2(x—1)>

£(X)+ 1,(X) = 2(x— 2)?

£,(%) + f,(X) = 2(x—3)%.
T d6, n=3 co tinh chat clia dé bai.

Tiép theo, ta chirng minh rang n= 3 lasd tw nhién 16N nhét can tim. Gia sir phan chirng rang ton tai
SOty nhién n >4 cd tinh chét clia dé bai. Ta st di d&n mau thuan bang mét trong céc cach sau:

Cach 1: Tl gia thiét dé dang suy ra: v&i moi cdp chi S0 1<i< j<n, ton tai & thuc t; sa cho

f.(X)+ f,(X) =2x°+ (b +b;)x+¢ +¢; =2(x—t;)% vithé, b +b, =—4t, vac +c, = 2t;. Giai hé

b +b, =-4t,
b +b, =4t
b, +b, = —4t,,

tatimra

bl = _2(t12 + t13 - t23)
bz = _2(t12 - t13 + t23)
Q = _2(_t12 + t13 + tzs)-
Tw do, —4t, +2(t, +t,—t,;)=b, =-4t,, + 2(t, -t +1,,), vavi vay,

L+, =1, +1y (1)

C1+C2:2tlzz C1:1:122"'t123_t223
Tuong ty, tagidi: {¢ +c,=2t; < <c, =t5 -t +t2, vasuyra
C+G= 2t223 G = _t122 +t123 +t223
2t124 - (t122 + t123 _t223) =C, = 2t224 - (t122 _t123 + t223) = t124 + t223 = t123 + t224- 2

TU (1) va(2), dé thdy t.t, =t,t,.. Pat S==t +t,, =t,+t, va P:=tt, =t,t,., tacd

{t13; t24} :{tl ; t23}



Vi ca hai vé cling la tap nghiém clia phuong trinh bac hai x*—SX+P=0. Vay, t,=t, hoic
t, =t NEu t,=t, thi f(X)+ f,(x)=f,(X)+ f,(X) = f,(X) = f,(X), mau thudn voi gia thiét! Con
néu t, =t,, thi f(x)+ f,(x)= f,(X)+ f,(x) = f(X) = f,(X), cling mau thuan!

Céach 2: V6i moi cdp chi 0 1<i< j<n, dat g;(x):= f,(x)+ f;(X) vagoi t; langhiém thyc duy

4
nhét ctia phuong trinh g, (x) =0, taco g, (x) = 2(x—tij)2. Xét tong g(x) :EZ f.(x), tathdy:

=
2(X=1,3)" +2(X—15)" = G (¥) + Gy () = () = Gy () + G (¥) = 2(X—1,)” + 2(X—15)".
Can bang hé s3 hai vé taciing di dén hé (1)-(2) vatim ramau thuin nhw da thiy trong Céch 1.
Cach 3 (dvatrén y tudng clia Nguyén Thé Minh, gi4o vién truong THPT chuyén Nguyén Tréi, Hai
Duwong): Theo gia thiét, véi moi cap chi s6 1<i < j <n, phwong trinh bac hai
f,(X)+ f;(X)=0< 2x*+(b +b,)x+¢ +¢, =0

c6 nghiém kép, nén co biét thirc A; =0, suy ra (b + bj)2 =8(c +¢;). T do,

(B +b,)" +(by+b,)* =8(c +C, + ¢ +C,) =8(G + Gy +C, +C,) = (B +,)° + (b, +,)°
= (B +b,)* - (B +1,)* = (b, +b,)* - (b, + b,)*
= (b, —b,)(20 +b, +b,) = (b, —b,)(b, + b, + 2b,)
= (b, -b,)(b -b,) =0.

Vay, b,=b, hoic by=b,. Néu b,=b,, thi 8(c,+¢,)=(b+h)?=( +h)? =8(c +c)=¢,=¢,
nén f,(x)=f,(x)y mau thuan v6i gid thiétt Con néu b=Db, thi ta lai c6

8(c,+¢c,)=(b+h,)*=(b,+h,)*=8(c, +c,) = ¢, =c, nén f(x)=f,(x), cling mau thuan!

Cach 4 (dvatrén y twdng clia Nguyén Van Phuong, gido vién truong THPT chuyén Tran Dai Nghia,
TP. HO6 Chi Minh): Theo gia thiét, vai moi cdp chi sd 1<i < j <n, phuong trinh bac hai

f,(X)+f,(X)=0< 2x*+( +b,)x+¢ +¢, =0

c6 nghiém kép, nén co hiét thirc A; =0, suy ra (b + bj)2 =8(c +c;). Tlr do, néu n> 3, tathdy: voi
moi chi sd 3<j<n, bd (xy)= (b;;c;) phai lamgt nghiém clia hé phuong trinh

{(bl + X)2 = 8(C1 + y) (3)
(b, +X)* =8(c, +Y).



Néu b =b, va hé (3) c6 nghiém thi ¢ =c,; suy ra f,(x)= f,(x), mau thuan véi gia thiét! Néu
b, # b,, bang cach trir vé theo vé cac phrong trinh trong hé, tathdy dugc hé (3) co duy nhat nghiém

X:4C1_Cz_bl+b2
b-b 2
_(B+%°
y="3 G.

Vay, n<3. Suy ra diéu phai chirng minh.

Bai toan 7 (Saudi Arabia TST 2017). Pa thirc P e Z[x] dwoc goi laco biéu dién 1ap phwong néu nd

c6 dang P(x)=> I i(Fi’(x))3, véi meN*, (1)", cZ, (P)",cZ[X] (phy thudc vao P). Tinh sb
i=1

tam thirc bac hai ax®+bx+c cd biéu dién 1ap phwong, voi cac hé B a, b, ¢ dwoc |8y tir tap
S={1 2 3;...; 2017} (tap gdbm 2017 s6 nguyén dwong dau tién).

Loi gidi. Cho P(x)=) cX, voi neN, (c), = Z. Tanéi da thirc P ladep néu ca hai diéu kién
i=0

sau day dugc théa man:
(i) voi moi chisd 0<i<n, néui/3thic:3
(i) Z c :6.
(@i
Nhan xét 1: Moi da thirc co biéu dién 1ap phuong thi dep.
Chirng minh: Trudc hét, dé thay:
- néu B va P, 1a c&c da thirc dep thi da thirc B, + P, cling dep,
- néu P lamot da thic depval lamot s nguyén thi da thirc | P cling dep.

Vi thé, tir dinh nghia cla da thirc co biéu dién 1ap phuong, dé suy ra Nhan xét 1 ta chi con phai
chirng minh rang da thiec P 1a dep néu né l1a1ap phrong clia mdt da thirc véi hé s5 nguyén, tirc 1a
néu no c6 dang P(x) := Q(x)*, trong dd, Q e Z[X]. (1)

Giast Q(X):=) ax, véi meN, (a)", = Z, va P(x) :=Q(x)*. Ap dung cong thirc “da thirc”:

i=0



N
m
i P 0 1 m
i=0 m*

jot it +im=N Jol Jll J
(téng & vé phai duoc |8y theo tat ca cac bd O ty nhién j,, j,, ..., j,, cOtdng bang N, valily thira

vOi s6 mii 0 ludn dwoc hiéulabing 1) véi N =3, a, :=ax (0<i<m), tathdy:

P(X) — z :a13x3i +§ :SaizakXZiJrk +z :Gaiakafxnk%; (2)
i i=k i#k
i#0
k¢

trong do, véi 3 tong & vé phai ta ngdm hiéu céc chi 0 i, k, ¢ chay tir 0 dén m, va d6i mot khéc
nhau. Hon nita, véi moi cdp chi s i, k nhu thé, ta co:

2i+k/ 3= 2k+il 3
va 3a’a, +3a’a =3aa (a +4a,) 6. Vithé, tir (2) tathdy da thirc P ladep; khdng dinh (1) da duoc
chirng minh.
Nhan xét 2: Moi da thirc dep véi bac bé hon 3 déu c6 biéu dién 1ap phuong.
Chirng minh: Cho P lamdt da thirc dep v6i degP < 3. Khi d6, P(x) =3a,x° +3ax+a, Vii a,, a,
a, lacacsO nguyénma a +a, : 2 (= a,—a, : 2). Tadé dang kiém tratryc tiép:

PO =272 (4 + A2 (x-1° -8 + (3 - 3,1 3)

suy ra: P c6 biéu dién 1ap phuong.

Trd lai bai toan: xét cac tam thirc bac hai P(X) = ax® +bx+c, vGi cac hé sd a, b, ¢ duoc lay tir tp
S. Theo cac Nhan xét 1-2, P c6 biéu dién 14p phrong khi vachi khi n6 dep; tirc 13,

a:3, b:3 a+b:6. 4

Tap T:={seS|s:3={1.3,2-3,3-3...; 672-3} gdbm 672 sB nguyén, trong d6 c6 336 s6 chan va
336 O |&. Diéu kién (4) tvong dwong v6i diéu kién: aeT, beT, a va b co cung tinh chan Ié.
Vay, dé P co biéu dién 1ap phurong, ta can vachi can:

- chon aeT: c6ding 672 cach chon
- chon beT mab cuing tinh chan & vi a: co ca thay 336 cach chon

- chon ce S: cb dung 2017 cach chon.



Theo quy tac nhan, ¢ ca thdy 672x336x 2017 = 2x336°x 2017 tam thirc P c6 biéu dién 1ap
phuong.

Ghi_chu: Ta cé thé chirng minh moi da thirc dep déu co biéu dién 1ap phuong. Nhan xét 2 trong |0i
gidi trén day chinh 1a bwoc co s¢. O budc quy nap, tacho 2<ne N vagid st moi da thirc dep voi
bac bé hon 3(n—1) déu cé biéu dién 1ap phuong. Xét P 1a mot da thic dep bt ky ma degP < 3n.
Tacan chirng minh rang P co biéu dién 1ap phuong. Dwdi day ta dua ra hai cach ching minh.

Céch 1: Theo gia thiét, ta co thé viét

P(X) = 3ay, ;X" + 38y, ;X" + 8y, ) X" +Q(X); (5
trong dO, 3y, &,, &, lacac b nguyén; QeZ[x], degQ<3(n-1); va mot trong hai kha
nang sau xay ra

(i) &, _, +a,,, chan, dathirc Q dep
(ii) a,,_, +a,,_, & dathic Q(x)—3x"* dep.

Xét (i). Lac ndy, duatrén biéu dién (3) clia cac da thirc dep voi bac bé hon 3, ta co thé viét lai (5)
dwéi dang:

P(X) = X3(n—1) (3a3n_1X2 + 3a3n—2X+ aS(n—l) ) + Q(X)

= St DR (40 B (X (X (B~ B )X+ QU

Tir day, dung gia thiét quy nap tasuy ra P co biéu dién 1ap phuong.

Xét (ii). Luc nay, goi y mot phan tir biéu dién & (i), ta viét lai (5) dudi dang:

P(X) = &5 _;'-'_ A4 (Xn + Xn—1)3 + A0 _;'_ A (Xn . Xn—l)3 . aSn—z(Xn)3 n (Xn n Xn—2)3

+ (a3(n—l) - asn—l)(xnil)3 - (anz)g + (Q(X) - 3X3n74)_
Tl day, diing gia thiét quy nap tacling suy ra P ¢ biéu dién 1&p phuong.

Cach 2: (dva trén y twéng clia Nguyén Duy Khang, gido vién tredng THPT chuyén Thoai Ngoc
Hau, An Giang). Theo gia thiét, ta cd thé viét

P(X) = D [3ay X" +3ay X" +ay, , X V); (6)
k=1



trong do, (&), =Z, D 33 16, thclad a2 (7)

i/3 i7/3

Goi d laphan du trong phép chia a,, , +a,, , cho 2. Do (7), taco thé viét lai (6) dwéi dang

P(X) =[3a,, X" +3(ag, , — d) X" + @y, 4, XX+ (B — B V) + Q(x)

8
= (X"™)[Bag, X +3(8g,, — d) X+ 8y, 5 ]+ d(X7)*(BX* = 3%%) + Q(X), ®

vai Q lamot da thirc dep cd bac be hon 3(n-1).

Theo gia thiét quy nap, Q c6 biéu dién I4p phwong. Tir dinh nghia cla d, ta thdy da thic
3a, X +3(a,, , —d)x+ 8y, dep, nén theo Nhan xet 2 trong 10i giai clia Bai toan 7 (bwdc co so)
thi da thirc nay co biéu dién 1ap phrong. Ngoai ra, ta cd thé kiém tra truc tiép “biéu dién |1ap
phuong”: 3x* —3x* = (x%)% - (x* —1)® —1°. Cudi cing, vi téng va tich clia cac da thirc co biéu dién
1ap phwong ciing 1a cac da thirc co biéu dién 1ap phuong (hdy chirng minh!) nén tir (8) suy ra P ¢
biéu dién Iap phuong.
Bai toan 8 (American Mathematical Monthly). VGi mbi s6 tv nhién n va k (k>2), goi a* la
thang dw khong am bé nhét (modk) cia C} ; tic 13, a“ € Z N[0;k) va C) =a’ (modk). Tim tét ca
céc SO ty nhién k > 2 dé day s6 (a¥), c6 dudi tuan hoan; tic 13,

In, eN, 3T eN*, Vn>n,, a,; =a’
(n6i c&ch khéc, day 6 (a'n‘)‘,’f:n0 tuan hoan khi n, 16n; ta cling n6i day s (C;,)._, ¢6 dudi tuan hoan
(modKk)).

L&i gidi 1 (cha Nguyén Canh Hoang va Pham Nam Khénh — thanh vién doi tuyén Viét Nam dy thi

~ | _ I
IMO2017). D& thay C). = 2D _ 5 (2n=1)!
nin! n!(n—1)!

tw nhién thda yéu cau dé bai.

=2C,, ,=0(mod2) vn>1. Suy ra k=2 lamft b

Tasé chirng minh rang moi s3 tw nhién k > 3 déu khong thda yéu cau dé bai. That vay, vi k>3 nén
phai xay ramét trong hai trvong hgp sau:

(i) 41k
(i) p|k véi p lamot sb nguyén t6 Ié nao do.

Tasé dung bo dé sau day (va mot hé qua hién nhién clia né):



2x]  khi (0<){x}<1/2

B6 dé: V6i moi xe R, taco [2X] = 2Ax]+1 khi 1/2<{x} (<2).

Chirng minh: dé!
Hé qua: vxe R, [2X] > Z[X].
Trd lai bai toan, trwdc tién voi truong hop (i).

1. V&i mdi me N*, xét cAc sb tv nhién n théa 2" < n< 2™ Khi dd, 2™ < 2n< 2™? va

wc-8[2)-42]) "

Tiép theo, taviét n=2's v6i t:=u,(n)eN, seN*, slé s>3 (vi n khong phai la mdt Iy thira

. , n < A a A )
dung cua2). Do ?r:: S>3> 2>F tathdy t <m Theo Hé qua ¢ trén, tir (1) taco:

e B4 (4]
L e E e

Vi s I& nén { n }:{2}:%; do do, theo BS d&, [2”}2[221}1. Vay, (2) kéo theo

u,(C;,) = 2, ticla C;, = 0(mod4).

(2)

2.Néu n=2" (me N*), talai c6

n = 2n n = m+1-k < m-k
U,(Co) =D || o |2 = | |=D 2™ =2> 2™ =1,
k=1 2 2 k=1 k=1
nén C;, # 0(mod4).
Vi khoang céch gitta 2™ va 2™ ¢6 thé |on thy y (khi m 16n), nén céc két qua & hai bwdc 1-2 cho
thdy day so (C},)~, khong thé ¢ dudi tuan hoan (mod4), do d6 né cling khong thé ¢ dudi tuan
hoan (modk).

Truong hop (ii).



1. VG6i mbi me N*, xét céc O tv nhién n thoa p7<n< p™. Khi do, p"<2n<2p™ < p™ nén

dung Hé qua & trén taco

o5 H )z oo

ticla C;, = 0(mod p).

2.Néu n= p" (me N*), talai co

=3[ 52 | -l ] -m)-o

k=1
nén C,, # 0(mod p).

Vi khoang cach gilta % va p™ co thé I6n tay y (khi m 1én), nén cac két qua & hai budc 1-2 cho
thdy day sb (C},)”, khong thé c6 dudi tuan hoan (mod p), do dé né cling khdng thé cé dudi tuan
hoan (modk).

Loi gidi 2. Tacling nhan xét C,, =2C, ,=0(mod2) Vn>1. Suy ra: k=2 [amot O tv nhién thda
yéu cau dé bai. Tiép theo, ta chirng minh rang moi 6 tw nhién k > 3 déu khong thoa yéu cau dé bai,
van theo céch xét mot trong hai tredng hop sau:

(i) 41k

(i) p|k voi p lamdt s nguyén td 1é nao do.

Truwéc hét, ta gigi thiéu ky hiéu “dong du” trén cac da thic voi hé s6 nguyén: Cho d e N* va
f,g e Z[x]. Néu moi hé sb clia da thirc f —g déulabdi cla d, tast viét f =, g; vadé cho tién,
ddi khi ta cling chdp nhan cach viét f(x) =, g(x). Néu f(x)=aeZ va g(x) =beZ la cac da thirc
hang thi “déng du thirc” a=, b mdi dwoc gidi thiéu quy vé dong duv thirc a=b(modd) da quen
biét trén cac sb nguyén. Quan hé "=, " hién nhién la mdt quan hé twong duong trén Z[x]. Tacling
c0 thé thirc hién céc phép todn cong/trir/nhan vé theo vé trén cac déng du thirc vira dwoc gidi thiéu,
vGi cung “moédun” d (viéc chirtng minh [& hoan toan dé dang).

Trd lai bai toan, dau tién lavai trwong hop (i).



Vi mbi me N*, xét céc 3 tw nhién n cd dang n=2"+r véi 0<r <2". Khi do, 2n=2""+2r
nén
(LX) = @+ %)™ @+ %) =((1+X°) + 2x)2 A+ x)*
2" . m .
= ((1+ X°)% +2"(L+ x*)7 M (2X) + Y. CL 1+ X°)7 T (2X)' } 1+ x)*
i=2
=, 1+X)7 1+ %)% =, A+ X)) A+ %) =, ...
=, 1+ X721+ %)% = @1+ 23" + X))@+ X7,
So sanh hé s6 clia X" 6 hai vé clia dong du thirc néi trén, tasuy ra
2#,0 khir=0
C =,2C = 4 .
an 4 T 4{40 =,0 khil<r<2™

2r-1 4

Vi khoang céch gitta 2™ va 2™ co thé Ion tly y (khi m I¢n), nén két qua trén cho thiy day sb
(C,)~, khong thé c6 dudi tuan hoan (mod4), do dé né ciing khong thé cé dudi tuan hoan (modk).

Truong hop (ii).

m

+r . \ A2 g
P voi O<r<p™, r lasd nguyénlé. béy

Vi mdi me N*, xét cac 3 tw nhién n co dang n=
rang 2n=p™+r varang C,: p khi 1<i < p-1, taco:

m-1

A+ X" =1+ X)" QA+ X)" = [1+ xP + pr‘px‘j 1+ x)'

i=1
= @+ x")P (14 x)" =, 1+ x7)T @+ X) =,

=, L+ X)L+ x)' :(qu‘j+xr + X" +(Z aixJ

i<r i>p™
(a lahé sb ctia X' trong da thirc (1+ X" )1+ X)"). So sanh hé s6 clia X" & hai vé clia dong du thirc
nGi trén, ta suy ra

o = 1+1=2#,0 khir=p" (=r=n=p")
P o khi O<r < p™ (=r<n< p™).



m

Vi khoang céch gilra p7 va p" co thé Ion tay y (khi m I6n), nén két qua trén cho thay day sO

(C5,), khong thé cé dudi tuan hoan (mod p), va do d6 né cling khong thé cé dudi tuan hoan
(modKk).

Vay, k=2 lasd ty nhién duy nhat thda yéu cau dé bai.



